To analyze the isotonic regression problem for normal means, it is usual to assume that all variances are known or unknown but equal. This paper then studies this problem in the case that there are no conditions imposed on the variances. Suppose that we have data drawn from k independent normal populations with unknown means + i 's and unknown variances _ 2 i 's, in which the means are restricted by a given partial ordering. This paper discusses some properties of the maximum likelihood estimates of + i 's and _ 2 i 's under the restriction and proposes an algorithm for obtaining the estimates.
INTRODUCTION
For k independent normal populations with unknown means + i and unknown variances _ 2 i , i=1, ..., k, this paper studies the maximum likelihood estimation(MLE) of +=(+ 1 , ..., + k ) and _ 2 =(_ Let x ij , j=1, ..., n i , be observations from the ith normal population. The log-likelihood function is given by l(+, _ 2 )= :
where c is a constant which does not depend on the parameters. By P denote a partial order defined on a finite set 3=(% 1 , ..., % k ). A k-dimensional vector + is said to be an isotonic function if % t , % s # 3, % t P % s implies + t + s . By D denote the set of all isotonic functions. The MLE of ( +, _ 2 ) is the maximum solution of (1.1) for + # D and _ 2 # R k + . If all variances are known or unknown but equal, the MLE of + subject to the order restriction is the maximum solution of (1.1) for + # D and equivalently is the solution of min :
for + # D, where xÄ i = j x ij Ân i and w i =n i Â_ 2 i when variances are known; w i =n i when all variances are unknown but equal. The solution now is called the isotonic regression of (xÄ , w) with xÄ =(xÄ 1 , ..., xÄ k ) and w= (w 1 , ..., w k ). There are a number of elegant algorithms for obtaining the isotonic regression, see for example, Barlow et al. (1972) and Robertson et al. (1988) .
In the study of the isotonic regression problem, the assumption about variances must be needed. In practice, sometimes we cannot obtain much information about the variances and this paper deals with the problem in the case that there are no conditions imposed on the variances. Shi (1994) considered a similar problem of estimating the MLE of ( +, _ 2 ), in which variances are also assumed to be restricted by a given partial order. The paper proposed an algorithm to compute the MLE and showed the convergence of the algorithm under the following 2 , where _Ä 2 i denotes the sample variance of the ith normal populations, and a and b denote the minimal and maximal sample means respectively. Section 3 of this paper proposes an algorithm of obtaining the MLE of (+, _ 2 ) for our problem and shows that the convergence of the algorithm does not need any imposed conditions. However, we do not know if the algorithm converges to the true MLE and hence a condition as the Condition A is also necessary to show that the algorithm converges to the MLE, which is discussed in Section 5. A numerical example using the algorithm is given in Section 4. It is known that the MLE is not unique for our problem and it is interesting to study some properties of the MLE, which is given in the next section.
EXISTENCE OF THE MLE
In this section, for convenience, we assume that the normal means are restricted by the simple order, that is, + 1 } } } + k . Note that similar results given in this section may be obtained for any partial order restrictions.
Let ( +^, _^2) be the MLE of (+, _ 2 ) subject to the order restriction. Then +^# D and _^2 # R k + , which satisfy 
3) 
Since L(+) is a continuous function of + and D 0 is a compact set, the solution of (2.5) and then of (2.1) exists. It means that the MLE of ( +, _ 2 ) under the order restriction exists.
As D is a polyhedral convex cone, for any given + # D, there uniquely exists a subscript set [i 1 , ..., i t ] with 1 i 1 < } } } <i t <k such that + may be written as The above theorem shows that the MLE of + must be a favorable point and its proof is given in the Appendix. Because L(+) is not a concave function, in general, the solution of (2.5) will not be unique. However, we have the following result. Proof. For a fixed subscript set, the components + i of a vector + will be a constant for i # [i s +1, ..., i s+1 ], s=0, 1, ..., t, if the vector satisfies (2.6). If % s+1 denotes the constant, then (2.7) may be written as
where g i (% s+1 )=1Â j (x ij &% s+1 ) 2 and s=0, 1, ..., t. Since the left-hand side of (2.8) is a polynomial of % s+1 , the number of the solution of (2.8) is finite. As there are finitely many subscript sets, the theorem follows.
where _Ä 
2), the solution of (2.5) uniquely exists and, by Theorem 2.1, the favorable point uniquely exists.
Let ( +^, _^2) be a MLE subject to the given order restriction. By Theorem 2.1, +^must be a favorable point and, from (2.3), _^2 i =_ 2 i ( +^) for i=1, ..., k. Then Theorem 2.2 implies that the number of the MLE is finite. If Condition B holds, by Theorem 2.3 the MLE is unique.
THE PROPOSED ALGORITHM
For a given subscript set, one can obtain all favorable points according to the subscript set using (2.6) and (2.8), in which all real roots of some polynomials need to be found. Then the MLE of ( +, _ 2 ) may be obtained by comparing all favorable points for all subscript sets. However, this procedure is very hard to carry out. This section proposes an iteration algorithm.
As in the discussion in Section 1, if the variance vector _ 2 is given the MLE of + may be obtained as in the isotonic regression problem, and if the mean vector + is given the MLE of _ 2 is just _ 2 ( +) as defined in (2.3). The following algorithm is based on this consideration.
Algorithm.
Step(0, 0). Let + (0) =xÄ and
Step(n, 1). Find + (n) , the isotonic regression of (xÄ , w (n&1) ) for w
and
). Thus we can give a termination criterion for the algorithm. For example, we stop the iteration at Step(n,2) if
&m for some integers m 1. The proof of the following theorem is given in the Appendix.
Theorem 3.1. The point sequence [+ (n) ] given in the above algorithm converges to a favorable point as n Ä . 
The above corollary may be shown by using Theorem 2.3. It must be noted that in the above corollary Condition B is not always needed. For example, if the sample means satisfy xÄ 1 } } } xÄ k , the MLE will be (+ (1) , _ (1) ), the one step result of the algorithm. However, in general, the condition cannot be omitted. A detailed discussion is given in Section 5.
NUMERICAL EXAMPLE
For illustration, the proposed algorithm is used to treat the data shown in Shi (1994) . There are five districts in Jilin Province of China: Liaoyuan (Group 1), Qianfu (Group 2), Changchu (Group 3), Tonghua (Group 4), and Jilin (Group 5). The data gave the scores of 100 students per district obtained in the National Matriculation Examination held in 1992. Past experience showed that the conditions of education of the district i+1 was likely better than district i for i=1, ..., 4. We proceed to estimate the examination scores of students of the five districts. By X i we denote the examination score of district i, then X i follows a normal distribution with unknown mean + i and unknown variance _ 2 i for i=1, ..., 5. Prior information tells us that the means exhibit an increasing trend + 1 } } } + 5 . We use the proposed algorithm to estimate the MLE of + i 's and _ 2 i 's subject to the simple order restriction.
It is easy to check that Condition B is satisfied, and by Corollary 3.1 we can obtain the MLE by the proposed algorithm. The computed results of estimating the means and the variances are listed in Table I , in which Cran's (1980) program was used as a subroutine to compute isotonic , for the terminated criterion 10 &3 , + (1) =+ (2) means that the MLE of + is the same as the isotonic regression of (xÄ , w Ä ), with w Ä i =n i Â_Ä 2 i . The MLE of _ 2 is different from the sample variance, that is, _ (0) {_ (2) .
DISCUSSION
Recall that our problem is to find the solution (+^, _^2) which (2.3). However, the estimates ( +$, _Ä 2 ) and ( +$, _ 2 ( +$)) are the results of Step (1,1) and Step (1,2) in the proposed algorithm respectively. Furthermore, the expression of L(+) in (2.4) may be written as
where c is a constant which does not depend on the parameters. If Condition B holds, by Taylor expansion,
Then the estimate +$, the isotonic regression of (xÄ , w Ä ), is the first approximation, j=1, for the solution of (5.1).
On the other hand, by (2.3), a reasonable estimate of ( +, _ 2 ) is of the form (&, _ 2 (&)) and satisfies
for any + # D, where w i ( } )=n i Â_ 2 i ( } ) and i=1, ..., k; see Brunk (1965) , Lee (1981 Lee ( , 1988 ) and Hwang and Peddada (1994) . The Eq. (5.2) implies that the mean square error of the estimate (&, _ 2 (&)) is strictly less than that of the usual estimate. Let +* be the limiting point of the proposed algorithm. For every step n>1 of the algorithm, by (3.1) we have
and then the estimate (+*, _ 2 ( +*)) satisfies (5.2) even if it is not the MLE. Note that +
(1) =+$ in the second port of the above expression. It will be very important to know the ratio at which Condition B is satisfied for some regular cases and to know how many favorable points, from the proposed algorithm, are the MLE even if Condition B is not satisfied. Therefore, some simulation studies are needed.
Some simulation results are listed in Table II , in which k=5 and 7 respectively. The normal means are considered in two cases: (1) equal means + 1 = } } } =+ k ; (2) equal spacing means + i+1 &+ i =2, where Note. The simulations were run 10000 times. In the tables NUNB denotes the number of times that Condition B is not satisfied and NUNC denotes the number of times that the algorithm does not converge to true MLE. i=1, ..., k&1 and 2=0.1. The variances are considered in four cases, equal, increasing, unimodal, and decreasing, as listed in the table. We take the simulations for equal sample sizes n i =10, n i =15, and n i =20 respectively. The simulations are run 10000 times for each case. In the table, NUNB denotes the number of times that Condition B is not satisfied and NUNC denotes the number of times that the favorable point obtained by the proposed algorithm is not the MLE.
The NUNB depends on the relationship of sizes of means and variances, and also depends on the sample size. NUNC=0, almost everywhere, tells us that the favorable point obtained by the proposed algorithm is the MLE even if Condition B is not satisfied for the considered regular cases.
However, we can find some abnormal cases such that the NUNC does not equal zero, as listed in Table III . In the table, for k=5, the means are 1.2, 0.9, 0.6, 0.3, and 0.0, and it is antitonic with respect to the simple order; the variances are 1.0, 0.8, 0.6, 0.4, and 0.2 respectively. The simulations are run 10000 times for equal sample size n i =20. It may be seen that Condition B is not satisfied for any of the cases. The favorable point from the proposed algorithm is not the MLE for 32 cases. For these cases, let +^denote the true MLE, +* denote the favorable point obtained from the proposed algorithm, and +$ denote the isotonic regression of TABLE 
III
The Simulation Results for Abnormal Cases: k=5, n=20, NUNB=10000, NUNC=32 Note. The simulations were run 10000 times. The values of the log-likelihood function are listed, in which u^denotes the true MLE, u* denotes the estimate from the algorithm, and u$ denotes the isotonic regression using the sample variances.
(xÄ , w Ä ) with the estimate of variances _ 2 (+$), the result of Step (1, 2) in the algorithm. The values of L( +^), L(+*), and L( +$) are listed in Table III . The differences L( +^)&L( +*) and L( +^)&L(+$) are also listed in Table III . The differences, L(+^)&L( +*), are very small, corresponding to the values of L( +^) and L( +*) for all cases. The value of L( +*) is greater than that of L( +$).
Consequently, we recommend the iteration algorithm for practical use because its computation is simple and it has good properties of convergence.
APPENDIX
The Proof of Theorem 2.1. We need to find a vector +^which belongs to D and maximizes L( +), given in (2.4), subject to + # D. The Lagrangian function now is given by
where *=(* 1 , ..., * k&1 ) and * i 's are the Lagrangian multipliers.
The Kuhn Tucker conditions are usually used to deal with such problems. If +^maximizes L( +) subject to + # D, then +^satisfies the following conditions:
The second of these conditions corresponds to the equation
.., k, where w i (+^) is given in (2.7) and * 0 =* k =0. Let [i 1 , ..., i t ] be the subscript set such that * i j =0, j=1, ..., t; * i >0, otherwise. Then the first, third and fourth conditions given in the above imply that +^satisfies (2.6) and, from (A1), we have (2.7). The Kuhn Tucker conditions are necessarily satisfied for our problem. Furthermore, if L( +) is a concave function, by the discussion in Mangasarian (1969, p. 94) these are also sufficient conditions and there exists uniquely a favorable point; see also Theorem 2.3 in this paper.
To prove Theorem 3.1, we need the following lemmas.
Lemma A.1. Let [ y n ] be a uniformly bounded sequence in R k . If y n & y n&1 Ä 0 k , as n Ä , and the sequence is not convergent, then there are infinitely many accumulation point of the sequence, where 0 k denotes the k-dimensional zero vector.
Proof. At first, we consider the case of k=1. Let :=lim inf [ y n ] and ;=lim sup [ y n ]. By the condition, :<;. For any z # (:, ;), we will show that z is an accumulation point of [ y n ], namely, there is a subsequence of [ y n ] which converges to z.
For any = 1 >0, by the assumption there is a positive integer N 1 such that | y n+1 & y n |<= 1 if n>N 1 . On the other hand, :<z<; implies that there is a positive integer n 1 >N 1 such that y n 1 <z and y n 1 +1 >z. Then we have | y n 1 &z| < y n 1 +1 & y n 1 <= 1 .
Similarly, for any = 2 >0 with = 2 <= 1 , there is a term y n 2 with n 2 >n 1 such that | y n 2 &z| <= 2 . If one continues this procedure, a subsequence [ y n j ] may be obtained and it converges to z.
For k>1, denote y n =( y 1n , ..., y kn 
is also convergent. Recalling the expression (1.1), l( + (n j ) , _ (n j ) ) is convergent. From n j&1 n j &1 and (3.1), we have 0 l( + (n j &1) , _ (n j &1) )&l( + (n j ), _ (n j &1) )
as n j Ä . For simplifying the notation, denote n j by m. Since the difference of 2l( + (m&1) , _ (m&1) ) and 2l( + (m) , _ (m&1) ) may be written as 
for m>M$. From the proposed algorithm, + (m) is the isotonic regression of (xÄ , w(+ (m&1) )). Therefore for any =>0, by the lemma in Barlow et al. 
